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This article is an attempt to present a catalogue of known representations of 
(super) Lie algebras and quantum algebras acting on different Fock spaces. Of 
course, we do not have as ambitious goal as to present a complete list of all rep- 
resentations of all possible algebras, but we plan to present some of them, those 
we consider important for applications, mainly restricting ourselves by those pos- 
sessing finite-dimensional representations. Many representations are known in the 
folklore spread throughout the literature under offen different names^- Therefore, 
we provide references according to our taste, knowledge and often quite arbitrarily. 
This work does not pretend to be totally original. Throughout the text we usually 
consider complex algebras. 



Lie Algebras 
1. s?2-algebra. 

Take two operators a and b obeying the commutation relation 

[a,b] = ab-ba = 1, (A. 1.1) 

with the identity operator on the r.h.s. - they span the three-dimensional Hciscn- 
berg algebra. By definition the universal enveloping algebra of the Heiscnberg alge- 
bra is the algebra of all normal-ordered polynomials in a, b: any monomial is taken 
to be of the form b k a m ^ If, besides the polynomials, we also consider holomorphic 
functions in a, &, the extended universal enveloping algebra of the Heisenberg al- 
gebra appears. The Heisenberg- Weil algebra possesses the internal automorphism, 
which is treated as a certain type of quantum canonical transformations ^. We 
say that the (extended) Fock space appears if we take the (extended) universal 
enveloping algebra of the Heisenberg algebra and add to it the vacuum state |0 > 
such that 

a\0 > = . (A.1.2) 

One of the most important realizations of (|A.l.l| ) is the coordinate-momentum 
representation: 

a=-^- = d x .b = x 7 (A. 1.3) 

ax 

where x € C. In this case t he vac uum is a constant, say, |0 > = 1. Recently a 



finite-difference analogue of ( A. 1.3 ) has been found JlJ, 

a = V +1 b = x(l-SV-) , (A.1.4) 

where 

v+m _ /(, + «)-/(») 
is the finite-difference operator, S £ C and T>+ — > D_, if 8 — > —5. 

(a). It is easy to check that if the operators a, b obey ( |A.1.1| ), then the following 
three operators 

jj~ = b 2 a — nb , 



1 For instance, in nuclear physics some of them are known as boson representations 

2 Sometimes this is called the Heisenberg- Weil algebra 

3 This means that there exists a family of the elements of the Heisenberg- Weil algebra obeying 
the commutation relation ( jA.l.lj ) 
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J° = ba 



(A.1.5) 



J n = a , 

span the s^-algebra with the commutation relations: 

[J°, J±] = ±J± , [J+, J-} = -2J° , 

where n G C. For the representation ( A . 1 . 5| ) the quadratic Casimir operator is 
equal to 

ft - J-} -JOJO _-=(= + !), (A. 1.6) 

where { , } denotes the anticommutator. If n is a non-negative integer, then ( A.1.5| ) 
possesses a finite-dimensional, irreducible representation in the Fock space leaving 
invariant the space 

V n (b) = (l,b,b 2 ,...,b n ), (A.1.7) 
of dimension dhnV n = (n+1). 

Substitution of ( A.1.3| ) into (A.1.5) leads to a well-known representation of sl^- 
algebra of differential operators of the first order Q 



(A.l. 



J- = d x , 

where the finite-dimensional representation space ( |A.1.7|) becomes the space of poly- 
nomials of degree not higher than n 

T n {x) = {l,x,x 2 ,...,x n ) . (A.1.9) 



(b). The existence of the internal automorphism of the extended universal en- 
veloping algebra of the Heisenberg algebra, i.e [a(a, b), b(a, b)} = [a, b] = 1 allows to 
construct different representations of the algebra s?2 by a — * a, b — > b in ( A.1.5Q . In 
particular, the internal automorphism of the extended universal enveloping algebra 
of the Heisenberg algebra is realized by the following two operators, 

A _ (e Sa - 1) 



be 



-6a 



(A.l. 10) 



where S is any complex number. If 6 goes to zero then a — > a, b — ► b. In other 
words, (A. 1.10) is a 1-parameter quantum canonical transformation of the defor- 
mation type of the Heisenberg algebra ( |A.l.l| ). It is the quantum analogue of a 
point canonical transformation. The substitution of the representation ( |A.1.10D 
into (A.1.5) results in the following representation of the s^-algebra 



J+ = (~- l)be- Sa (l 



e~ 5a ) 



J°n - J(l 



- 5 a 



> 5a 



(A.l.ll) 



This representation was known to Sophus Lie. 
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If n is a non-negative integer, then (A. 1.11) possesses a finite-dimensional irre- 
ducible representation of the dimension d im'Pn = (n + 1) coinciding with ( |A~1~7| ). 
I t is w orth noting that the vacuum for ( A.1.1C ) remains the s ame, fo r instance 
( A. 1.2 ). Also the v alue o f the quadratic Casimir operator for ( A. 1.11 ) coincides 
with that given by ( A. 1.6 ). 



The operator a in the particular representation ( A. 1.4 ) becomes the well-known 
translationally-covariant finite-difference operator 



if).,. 



1) 



f{x) = V+f(x) 



(A.1.12) 



while b takes the form 

bf(x) = xe- 5d 'f(x) = xf(x -S) = x(l - 5V_)f{x) . 

(A.1.13) 

After substitution of ( |A.1.12| )-( [A~.1.13D into ( |A.l.ll| ) we arrive at a representation 
of the St2-algebra by finite-difference operators, 



J+=x(~-l)e- S9 «(l-n-e- 



5 ) 



7° 



or, equivalently, 



-sd x) _ » j- 
> 2 ' J 



(A.1.14) 



J+ = x(l - -){S 2 V_V- - (n + 1)6V- + n) 



J»=xV_- , ±,J- 



V, 



(A.1.15) 



The finite-dimensional represent ation s pace for ( A. 1.14 )-( A.1.15 ) for integer values 
of n is again given by the space (A. 1.9) of polynomials of degree not higher than n. 

(c). Another example of quantum canonical transformation is given by the 
oscillatory representation 

b + a 



V2 

b — a 

~7T 



(A.1.16) 



Inserting ( A.1.16Q into (A. 1.5) it is easy to check that the following three generators 
form a representation of the St2-algebra, 

r [6 3 + a 3 - b(b + a)a - (2n + l)(b - a) - 26] , 



2 3 / 2 ' 



J° n = \{tf-o?-n-l) 

h 4- n 

J- 



(A.1.17) 



V2 



where n S C . In this case the vacuum state 

(b + a)\0 > = 0, 



(A.1.18) 
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differs from (A. 1.2). If n is a non-negative integer, then (A. 1.17) possesses a finite- 
dimensional irreducible representation in the Fock space 

V n (b) = (1, (b - a), (b - a) 2 , . . . , (6 - a) n ) , (A.1.19) 

of dimension dhnV n = (n+ 1). 



Taking a, b in the realization ( A. 1.3 ) and substituting them into ( A. 1.17 ), we 
obtain 

' [x 3 + dl- x(x + d x )8 x - (2n + l)(x- 8 X ) - 2d x ] , 



2 3 / 2 ' 



J° = \{x 2 -dl-n-l) 



(A.1.20) 



J" 



x + dx 



which represents the sh -al gebra b y means of differential operators of finite order 
(but not of first order as in ( A.l.§| )). The operator J° coincides with the Hamilton- 
ian of the harmonic oscillator (with the reference point for eigenvalues changed). 
The vacuum state is 



|0 > = e~T- 

and the representation space is 

'Pnix) (1; X } X , . . . 

(cf. (|A.1.19|) ). 

(d). The following three operators 



(A.1.21) 
(A.1.22) 



J° 



r 



' 2 ' 

{a,b} 
4 

b l 

~~ 2 ' 



(A.1.23) 



are generators of the s^-algebra and the quadratic Casimir operator for this rep- 
resentation is 

c 2 = l. 

16 

This is the so-called metaplectic representation of s?2 (see, for exam ple, [ 2|). T his 
representation is infinite-dimensional. Taking the realization ( A. 1.2 ) or ( A. 1.4 ) of 
the Heisenberg algebra we get the well-known representation 



J + = \d 2 x , J 
2 x 



o 



-\{xd x - -) , r 



i 2 

r 



(A.1.24) 



in terms of differential operators, or 

1 
2 



J + = ^vl, j° = -L {x v_- l ~) 



i 



J- = ~x(x -5)(1- 25V- - S 2 Vl) 
in terms of finite-difference operators, correspondingly. 



(A.1.25) 
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(e) . Take two operators a and b from the Clifford algebra s 2 

{a,b} = ab + ba = , a 2 = b 2 = 1 . 

Then the operators 

J 1 = a , J 2 = b , J 3 = ab , 

form the s^-algebra. 

(f) . Take the 5-dimensional Heisenberg algebra 

[ai,bj] = 5ij, i,j = 1,2, ... ,p , 
where Sij is the Kronecker symbol and p = 2. The operators 
J 1 = b 1 a 2 , J 2 = b 2 a 1 , J 3 = &iai — b 2 a 2 , 



(A.1.26) 
(A.1.27) 

(A.1.28) 
(A.1.29) 



form the s^-algebra. This representation is reducible. If (A.1.28) is given the 
coordinate-momentum representation 



d\ — di , bi X{ 



(A.1.30) 



where x £ C 2 , the representation ( A.1.29 ) becomes the well-known vector-field rep- 
resentation. The vacuum is a constant. Finite-dimensional representations appear 
if a linear space of homogeneous polynomials of fixed degree is taken. 

2. s/3-algebra. 

(a). Take the Fock space associated with the 5-dimensional Heisenberg algebra 
( A.1.28 ) with vacuum 

a,\0 > = , i = l,2 (A.2.1) 
One can show that the following operators are the generators of the s?3-algebra 
Ji = &i(&i<ii + b 2 a 2 - n) , J% = b 2 (biai + b 2 a 2 - n) , 
J\ = ai , J 2 = a 2 , 
J 21 = b 2 ai , j" 2 = ha 2 , 



J° = b\a\-b 2 a 2 , J 2 = bia\ + b 2 a 2 - -n 

o 



(A.2.2) 



where n is a complex number. If n is a non-negative integer, (A.2.2) possesses a 
finite-dimensional representation and its reprentation space is given by the inho- 
mogeneous polynomials of the degree not higher than n in the Fock space: 

V n = (6^6™ 2 I < (m + n 2 ) < n) . (A.2.3) 



In the coordinate-momentum representation (A.1.30) the representation (A.2.2) 
becomes 



xi{xid\ + x 2 d 2 - n) , j£ 

Jf = dx , J 2 
J° 2l - x 2 dx , J° 2 



x%{x\d\ + x 2 d 2 
xid 2 , 



J° = xidi-x 2 d 2 , J 2 = xidi+x 2 d 2 - -n 



(A.2.4) 
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where the vacuum |0 >= 1 and for non- negative integer n the space of the finite- 
dimensional representation is given by 

V n = (x^x™ 2 | < (m + n 2 ) < n) . (A.2.5) 

(b). An important example of a qu antum canonical trans format ion of the 5- 
dimensional Heisenberg algebra ( A.1.28| ) is a generalization of ( A. 1.10 ) and has the 
form 

. _ (e S ' a ' - 1) 



b.e 



1,2 , 



(A.2.6) 



where 8x t % are complex numbers. Under this transformation the vacuum remains 
the same (A. 2.1). Finally, we are led to the following representation of the sl 3 - 
algebra 

Jf = b 1 (b 1 a 1 + b 2 a 2 - n) , Jf = b 2 (b 1 a 1 + b 2 a 2 - n) , 

J\ = &i , J 2 = a 2 , 

J 21 = b 2 ai , J° 2 = ha 2 , 

- 2 
biai - b 2 a 2 , J 2 = bxai + b 2 a 2 - -n , 



(A.2.7) 



As in previous case (a), for a non-negative integer n the representation ( A.2.7|) 
becom es finite-dimensional with the corresponding representation space given by 
( A. 2. 3 ). We should mention that in the coordinate- momentum representation 
the operators a, b can be rewritten in terms of finite-difference operators ( A.1.12j - 



A.1.13), T>±' y ^ and, finally, the generators become 



Jf = 


x(l - 5^ 


4 = 


1/(1 - 5 2 V^ ] 




Jf = V ( * ] 


= y(i 





n ) 



yVM - n) , 



J 2 — u + ) 



xV 



(x) 



yV^ ] , J 2 ° = xV 



(x) 



yV iv) - — 
J ~ 3 



2n 



(A.2. 



(c). Another representation of the s/3-algebra is related to the 7-dimensional 
Heisenberg algebra ( A.1.28 ) for p — 3. The generators are 

Ji = -{h - hb 3 )ai - ^26302 - b 2 3 a 3 + nb 3 , 
J 2 = -bi(b 2 - 6163)01 - b\a 2 - 6 2 6 3 a 3 - 7716163 + (n + 771)62, 
Jj = a 2 , J 2 = a 3 , 
ai + b 3 a 2 , J 23 = -b\ai + b 2 a 3 + mb±, 
J? = -&ifti + 6 2 a 2 + 26303 - n , 



7° 

J 32 



Jo 



26i«i + b 2 a 2 - 6 3 a 3 



id 



(A.2.9) 
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where m, n are real numbers. In the coordinate- momentum representation of Heisen- 



berg algebra the algebra (A.2.E) becomes the s^-algebra of first order differential 



operators in the regular representation (on the flag manifold) 
J i = —(y — xz)d x - yzdy - z 2 d z + n 
-x(y - xz)d x 

J i = ®y 7 J 2 — d z , 
= d x + zd y , J 23 = -x 2 d x + yd, 
J° = — xd x + yd y + 2zd z — n 



7° 

J 32 



y d y — yzd z — raxz + (n + m)y , 

8y , J-} 



mx, 



Jo — 2i3cdx 



yd., 



!J 



2zd z 
zd, - 



(A.2.10) 



Using the realization ( A. 2. 6 ) of the generators of the Heisenberg algebra Hj and 
the coordinate-momentum representation, a realization of the s/3-algebra emerges 
in terms of finite-difference operators acting on C 3 functions, which is similar to 



( A.2.. 



3. gl 2 X C r+1 -algebra 

Among the subalgebras of the (extended) universal enveloping algebra of the 
Heisenberg algebra H5 there is the 1-parameter family of non-semi-simple algebras 
gl 2 k C7+ 1 : 

J 1 = ai , 



= ha, - 
J 4 = b\a t + 



7 

= o 2 a 2 - — 
3r 



nbi , 



J 



5+k 



r 

+ rbib 2 a 2 

b\a 2 , k = Q, l,...,r , (A.3.1) 

where r = 1,2,... and n is a complex number. Here the generators J 5+fc , k = 
0, 1, . . . ,r span the (r + l)-dimensional abelian subalgebra C r+1 . If n is a non- 
negative integer, the finite-dimensional representation in the corresponding Fock 
space occurs, 

V n = (b^b^ 2 I < (m + rn 2 ) < n) . (A.3.2) 



Taking the concrete realization of the Heisenberg alge bra in t erms of dif ferential 
or finite-difference opera tors in two variables similar to ( A.1.2 ) or ( A. 1.4 ) respec- 
tively, in the generators ( A.3.1 ) we arrive at the gl 2 X C r+1 -algebra realized as the 
algebra of first-order differential operators f\ or finite-difference operators, respec- 
tively. 

5 This algebra acting on functions of two complex variables realized by vector fields was found 
bv Sophus Lie and, recently, it has been extended to the algebra of first order differential operators 
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4. gZfc-algebra. 



The minimal Fock space where the gZfc-algebra acts is associated with the (2k— 1)- 
dimensional Heisenberg algebra Hik~\- The explicit formulas for the generators are 
given by 

Ja = at , i — 2, 3, . . . , k , 



7° 



bid-j , 



i, 3 = 2,3, 



J° 



i = 2,3, ... ,i 



(A.4.1) 



where the parameter n is a complex number. The generators Jfj span the algebra 



glk-i- If n is a non- negative integer, the representation (A.4.1) becomes the finitc- 
dimcnsional representation acting on the space of polynomials 



V n (t) = span{^ 2 ^ 3 6; 



< Ui < n} . 



(A.4.2) 



Substituting the a, 6-generators of the Heisenberg algebra in the coordinate- 
momentum representation into (A.4.1) and using the vacuum, |0 >= 1, we get 
a representation of the gZ/j-algebra in terms of first-order differential operators (see, 
for example, j|) 

i = 2,3,. 



7° 



&i J a 



d 

dxi 



. ,k 

2,3, 



,k 



j0 = --E^ 



j 



2,3,. 



(A.4.3) 



which acts on functions of x e C k_1 . One of the generators, namely J° + J2p =2 Jp, P 
is proportional to a constant and, if it is taken out, we end up with the slk- 
subalgebra of the original algebra. The generators Jfj form the s^_i-algebra of 
the vector fields. If n is a non-negative integer, the representation ( A.4.3 ) becomes 
the finite-dimensional representation acting on the space of polynomials 



V n (x) — spanjiz;!? 2 ^ 



<^ni <n} 



(AAA) 



This representation corresponds to a Young tableau of one row with n blocks and 
is irreducible. 



If the a, b-generat ors of the Heisenberg algebra are ta ken in the form of finite- 
difference operators ( A.1.4 ) and are inserted into ( A.4.1 ), the gZfc-algebra appears 
as the algebra of the finite-difference operators: 



V 



(') 



2,3,. 



J?j = ^(1 - S,V W ) J- = Xi (l - SiD^vf, i, j = 2,3, . . . k, 
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p=2 

4 = Xi(l - 8iT>®) J° , i = 2,3,...,A, 



(A.4.5) 



where V±) denote the finite-difference operators (cf.( A.1.4)) acting in the direction 
x i . 

Lie Super- Algebras 

In order to work with superalgebras we must introduce the super Heisenberg 
algebra. This is the (2k + 2r + l)-dimcnsional algebra which contains the Hzk+x- 
Heisenberg algebra ( A.1.2SD as a subalgebra and also the Clifford algebra s r : 



{a[ f \b { p} = 8 l3 , i,j = 1,2,. .., r , (S.l) 
as another subalgebra. There are two widely used realizations of the Clifford algebra 



(/) h (fh 



(3.1 



9+ 6 L 



1,2,... ,r , 



(i) The fermionic analogue of the coordinate-momentum representation ( A.1.30| ): 
,(/) _ a+ h(f) — a. — ^ (s_2) 

(S.3) 



or, differently, 



,(/) 



d9 t ' °* 



(/) 



i = 1,2,. .. ,r , 



and 



(ii) The matrix representation 



,(/) 



,(/) 



0- 69 ff 



i = 1,2, . . . ,r , 



i-l 



where the a ' are Pauli matrices in standard notation, 



1 






1 



1 

-1 



(S.4) 



In what follows we will consider the Fock space and also the realizations of 
the superalgebras assumi ng t hat the Clifford algebra gener ator s are taken in the 
fermionic representation (S.3) or the matrix representation (3.4). 

1. osp(2, 2)-algebra. 

Let us define a spinorial Fock space as a linear space of all 2-component spinors 
with normal ordered polynomials in a, b as components and with a definition of the 
vacuum 

|0>! 



10 > 



|0> 5 
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such that any component is annihilated by the operator a: 

a\0 > l= , i = 1,2 



(S.l.l) 



(a). Take the Heisenberg algebra ( |A.1.1| ). Then consider the following two sets 
of 2 x 2 matrix operators: 

T + = b 2 a-nb + ba-(7 + , 



n n 1 

T° = ba-- + -a~0~ 
2 2 



(S.1.2) 



J 



T~ = a 
n 1 



called bosonic (even) generators and 

Q 



a 

b<7+ 



, Q 



(ba — n)cr 



(S.1.3) 



called fermionic (odd) generators. The explicit matrix form of the even generators 
is given by: 

' J+ 



J2 



and of the odd ones by 



Qi = 



1 




jo 

"f 
~n±l 

2 

Q 2 = 



J- 

o j- 



b 




o 





-a 



ba — n 

where the J^'° are the generators of si 2 given by (|A.l.l(j| ) 



(S.1.4) 



The above generators span the superalgebra osp(2, 2) with the commutation 
relations: 

{T°,T ± ]=±T ± , [T + ,T~] = -2T° , [J, T a ] = ,a = ±,0 



{Qi,Q 2 } = -T- 



{Q 2 ,Qi} = ^ 



\{{QiM + {Q 2 , Q 2 }) = J , Qi} - {Q 2 , Q 2 }) - T° , 

{Qi,Qi} = {Q 2 ,Q 2 } = {Qi,Q 2 }-0 , 
Wi,Qi} = {Q 2 ,Q 2 } = {Qi,Q 2 } = , 
[Qi,T+] = Q 2 , [Q 2 ,T+] = 0_, [Q^T-] =0^[Q 2) T-] - -Qi , 
[Q 1; T+] = , [Q 2 ,T+] = -Q x , [Q U T-} = Q 2 , [Q 2 ,T-\ = , 

[Ql,2, T°] - ±\Qlfl , (Ql, 2 , T°] = T^Ql, 2 , 
[Ql,2> J] = — 2^1,2 ' rQl,2> /I = 2^1.2 ■ 



(S.1.5) 
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If, in the expressions ( |5.1.2 )-(S.1.3), the parameter n is a non-negative integer 
, then ( gXp -(gD| possess a finite-dimensional representation in the spinorial 
Fock space 

f,2 



1 b b 1 b n 

) ) 7 • m w 7 u 

1 b b 2 6 n_1 

7 1 7 " - ' 7 w 



7>„ 



(S.1.6) 



If w e take a representation ( A. 1.3 ) of the Heisenberg algebra, the generators 
.1.2 ) become 2x2 matrix differential operators, where the bosonic generators are 



T+ = x 2 d r 



xd x 



n 1 



2 2 

T-=d x , 
n 1 _ _| 

J = <7 (7 

2 2 



(S.1.7) 



and the fermionic generators 



xcn 







— n)fj 
-d x a- 



(S.1.8) 



The finite-dimen siona l repre sentation space for non-negative integer values of the 
parameter n in (|S . 1 . Tj - ^". 1.8 ) becomes a linear space of 2-component spinors with 
polynomial components: 

1, X, X , . . . , X \ I T^n(^) 

n-1 



V nt7l -l{x) 



1 ■ tjC . ^ ■ ■ ■ ^ *JT 



TV 1 0*0 



(S.1.9) 



(b). Taking the quantum canonical transformation (A. 1.9) and substituting it 
into ( |S.1.2 ) we arrive at the osp(2, 2)-algebra analogue of the representation (A. 1.11) 
for the s/2-algebra, 

T+ = (~ - l)be- Sa {l -n- e- Sa + a~a+) , 




and, 



-i5a\ _ 


n 




2 + 


!(««■ 


-1) 


1 cr 


-<T+ 


2 


2 







be~ 6a o+ 


, <2 = 



b-be- 5a 
8 



(S.1.10) 



(S.l.ll) 



Taking for the generators a, 6 the coordinate-momentum realization ( A.1.3Q , we 
obtain a representation of the algebra osp(2, 2) in terms of finite-difference operators 



T+ = (~- l)xe- 5d * (1 - n - e~ 5% + cr-<7+) , 




I* = ±(l-e-*)-^ 



n cr a 



(S.1.12) 
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o 



and, 





' a+ ' 




r x 




xe -6d* a + 


, Q = 





s 



(S.1.13) 



Or, in terms of the operators T>± , their explicit matrix forms are the following 



T+ = 











J n-1 



xV- 







V 4 







X> 4 



J 



- 





n+1 
2 



for the bosonic generators and 

1 






Q-2 

o 



x(l-6V_) 








xV- -n 

for the fermionic generators, where the generator J+ is given by ( A.1.15| ) 



(S.1.14) 



(c). The super-metaplectic representation of the osp(2, 2)-algebra can be easily 
constructed and has the following form. The even generators are given by 



T 4 



ir 
o ^ 



while the odd ones are 



J = 



-4, 








V2 





Q 2 = 



" V2 











' 




(A 


o) 


, Q% = | 


b 

\ V2 


o) 



(S.1.15) 



Taking the realization of th e Heis en berg a lgebra i?3 in terms of the differential 
or finit e-difference operators ( A. 1.2 ), ( A. 1.4 ), respectively, and inserting it into 
( (5.1.15 ) we end up with a realization of the super-metaplectic representation of the 
osp(2, 2)-algebra in terms of differential or finite-difference operators. 

2. gl(k + 1, r + l)-superalgebra. 

One of the simplest representations of the gl(k + 1, r + l)-superalgebra can be 
written as follows 

Tr = a, ■ . i = 1. 2 k . 
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T° = n — b p a,p — i 
p=l p=i 

r i + = & j T°, » = 1,2,. 



9 A 

P d9 v 



(S.2.1) 



05 = 



90* ' 
" - 9iT° 
iTr = a, 



i = 1,2,... ,r 

i = 1,2,... ,r 
, i,i = l,2,. 



'aft 



7° - 



i = l,2,... ,k , j = 1,2,. 



These generators can be represented by the following (k + p) x (fc + p) matrix, 



V 



k x k 
BB 

k x p 
FB 



p x k 
BF 



p x p 
FF 



\ 



J 



(S.2.2) 



where the notation B(F)B(F) means the product of a bosonic operator B (fermionic 
F) wit h a bosonic operator B (fermionic F). Correspondingly, the operators T in 
( 5.2.1 ) are of BB- type (mixed with FF-type) , J are of FF-type, while the rest op- 
erators are of BF-type. The algebra is defined by the (anti)commutation relations 

{[Eij, Ekl]} — SilEjk ± SjkEil , 

where the generalized indices I, J,K,L = B, F. Anticommutators are taken for 
generators of FB, BF types only, while for all other cases the defining relations are 
given by commutators. The dimension of the algebra is (k + p) 2 . 

The generators J? • span the sZ^-algebra of the vector fields. The parameter n 
in ( S.2.1| ) can be any complex number. However, if n is a non-negative integer, 
the representation (S.2.1) becomes the finite-dimensional representation acting on 
a subspace of the Fock space 



V n (b) =span{6™ 1 6^6™ 3 



ij < n}. 



(S.2.3) 



Taking the coordinate-momentum realization of the Heisenbcrg algebra (A. 1.30) 
in the generators (3.2.1), we obtain the gl(k + l,r + l)-superalgebra realized in 
terms of first order differential operators (see, for example, Q): 

d 
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T+=X,T°, t = l,2 



(S.2.4) 



0T = ^. i = 1.2,...,r, 

Qt = OiT°, i = l,2,...,r, 

% = 6 i T I = 6 ^. ' * = 1,2,... ,r;j = l,2,... ,fc , 
5 

= = Xi ~QQ~ ' i = 1,2,... = 1,2,... ,r , 



•A., - ^Qi 



■304 



i,3 = l,2, 



which acts on functions in C k <g> G r 



A combination of the generators J° + J2p=i ^°p + Ep=i ^p.p' ^ s proportional to a 
constant and, if it is taken out, we end up with the superalgebra sl(k+l, r+1). The 
generators T^%-, Jp ? , i,j = 1,2,... ,fe , p,q = 1,2,... ,r span the algebra of the 
vector fields gl(k,r). The parameter n in (S.2.4) can be any complex number. If n 
is a non-negative integer, the representation (S.2.1) becomes the finite-dimensional 
representation acting on the space of polynomials 

V n (t) = spanK 1 ^ 2 ^ 3 . ..xl k 6^6% 2 . ..^|0 <J2 n i+12 m i - n ^ 

(S.2.5) 

This representation corresponds to a Young tableau of one row with n blocks in the 
bosonic direction and is irreducible. 



If the a, b-generat ors of the Heisenberg algebr a are taken in the form of finite- 
difference operators ( A. 1.4 ) and are inserted into ( A. 4.1 ), the gl(k+l, r+l)-algebra 
appears as the algebra of the finite-difference operators: 



i — 1, 2, . . . , k , 
i(«h«r>(j) 



= Xi{\ - 6iD_)Tj~ = Xi(l - SiVWyP? , i, j = 1,2, . . . , k , 



p=l 



p=l 



T+ =ar i (l-<5rf)T° , i = l,2 



) • * * 7 1 



Q- = — 



J = 1,2 



j ... j i , 



(S.2.6) 



Qj = ^T°, j = l,2,...,r, 
= *<rr = 0,2?^ , i = 1,2,... , r; j = 1,2,. 



Q+ = x i (l-5 i V^)Q j =x l {l-8{D w )^ r , i = l,2,...fe;i = l,2, 



00* 
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Qi = 6,1 a - " ' = l,2,...r 



It is worth mentioning that for the in teger ri, the algebra (S.2.6) has the same 
finite-dime nsion al representation ( S.2.5]) as the algebra of the first order differential 
operators ( 5.2.4 ). 
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Quantum Algebras 
s^q-algebra. 

Take two operators a and b obeying the commutation relation 

ab — qbd = 1 , (Q-l) 

with the identity operator on the r.h.s. They define the so-called q-deformed Heisen- 
berg algebra. Here q 6 C. One can define a g-deformed analogue of the universal 
enveloping algebra by taking all ordered monomials b k a m . Introducing a vacuum 

a\0 > = , (Q.2) 

in addition to the (/-deformed analogue of the universal enveloping algebra we arrive 
at a construction which is a g-analogue of Fock space. 

It can be easily checked that the (/-deformed Heisenberg algebra is a subalgebra of 
the extended universal enveloping Heisenberg algebra. This can be shown explicitly 
as follows. For any q 6 C, two elements of the extended universal enveloping 
Heisenberg algebra 

obey the commutation relations ( |Q.l| ) . It can be shown that the universal envelop- 
ing Heisenberg algebra does not contain the g-deformed Heisenberg algebra as a 
subalgebra. The formula ( |Q.3| ) allows us to construct different realizations of the 
the g-deformed Heisenberg algebra. One of them is a g-analogue of the coordinate- 
momentum representation (A. 1.3): 

a = D x , b = x , (Q.4) 

where 

DM = x(q-l) ' (Q ' 5) 
is the so-called Jackson symbol or the Jackson derivative. 

Another realization of t he (|Q.1| ) appears if a quantum canonical transformation 
of the Heisenberg algebra (A. 1.10) is taken: 



b + sr V q _ 1 ,rb = b e- s % (Q.6) 

where S is any complex number. In terms of translationally-covariant finite-difference 
operators T>± the realization has the form 

(SV + + 1) { ^ XV q _\ l ) , b = x{l - 5V.) . (Q.7) 

In these cases the vacuum is a constant, say, |0 > = 1, as in the non-deformed 
case. 

The following three operators 

J+ = b 2 a-{a}b, 

J° = la- a, (Q.8) 
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where {a} = \_ q q is so called q- number and a = ^"2 0+2} "' are g enera t° r s of the 



q-deformed or quantum s^q-algebra. The operators ( Q. 
some factors, become 

q~ a {2a + 2} 



after multiplication by 



j° = 



-7° 



1 {a + 1} 

x/1 f± 

° a > 

and span the quantum algebra sliq with the standard commutation relations 



3 ± = q-° 



3°3 + 



Q3 + 3° 



3 



2~+~- 

1 3 3 



J 3 



+ _ 



= -(<? + !)? 



(Q.9) 



i3°r 



-3 



Comment. The algebra (Q.9) is known in literature as the second Witten quantum 
deformation of .5I2 in the classification of C. Zachos ||). 

In general, for the quantum sl2 q algebra there are no polynomial Casimir oper- 
ators (see, for example, Zachos 0]). However, in the representation ( |Q.8[ ) a rela- 
tionship between generators analogous to the quadratic Casimir operator appears 

qJ+J- - J° J° + {{a + 1} - 2a) jo - a{a - {a + 1}) . 

If a = n is a non- negative integer, then ( Q.8) pos sesses a finite-dimensional irre- 
ducible representation in the Fock space (cf.( A. 1.6 )) 

(1,6,6 2 , 



V n (b) 

of the dimension dim V n = (n + 1 



(Q.10) 
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